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1. INTRODUCTION AND DEFIN IT IONS 
Let ~-~p denote the class of functions f normalized by 
c~ 
f (Z) = z -p + Eak  z k-p (p e N := {1,2,3,. . .}),  (1.1) 
k=l 
which are analytic and p-valent in the punctured unit disk 
U* := {z: z e C and 0 < [z I < 1} = U\{O}. 
A function f E ~-~p is said to be in the class S~ (a) of meromorphic p-valently starlike functions 
of order a in U* if and only if 
Y t \  f (z )  ] <-a  (zeU;  0=<a<p;p•N) .  (1.2) 
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Furthermore, a function f E ~-~p is said to be in the class K:p (a) of meromorphic p-valently convex 
functions of order a in U* if and only if 
zf"(z) 
ff¢ 1+ f, (z) ] < -a  ( zeU;  0<a<p;  peN) .  (1.3) 
Throughout the present investigation, it should be understood that functions uch as those occur- 
ring in (1.2) and (1.3), which have removable singularities at z = 0, have had these singularities 
removed in statements like (1.2) and (1.3). 
Clearly, we have 
f (z) e ~p (a) ¢==~ z f ' ( z )  e 5~ (a) (0 <= a < p; p e N), (1.4) 
which obviously is analogous to the well-known Alexander equivalence (see, for details, [1]). 
For functions f E ~-~.p given by (1.1) and g E ~-~p given by 
cx) 
g (z) = z -p + E bk z k-p (p E N), (1.5) 
k=l  
we define the Hadamard product (or convolution) of f and g by 
oo 
( f *g ) (z ) :=z  -p + E ak bk z k-p = (g * f )  (z) . 
k=l  
(1.6) 
Many important properties and characteristics of various interesting subclasses of the class ~-~v 
of meromorphically p-valent functions, including (for example) the classes £p (a) and ~v(a) 
defined above, were investigated xtensively by (among others) Aouf et al. [2-4], Cho and Owa [5], 
Joshi and Srivastava [6], Kulkarni et al. [7], Liu and Srivastava [8], Mogra [9], Owa et al. [10], 
Srivastava et al. [11], Uralegaddi and Somanath [12], and Yang [13] (see also [14]). The present 
sequel to these earlier papers is motivated essentially by the work of Silverman et al. [15]. We 
aim here at deriving several characterizations of the classes 8~ (a) and K:p (a) by making use of 
the Hadamard product (or convolution) defined by (1.6). 
2. CONVOLUTION CONDIT ION FOR THE CLASS $~(a) 
We begin by proving the following general result. 
THEOREM 1. Let f E ~-~p. Then 
f (z)  ] < -a  
( ) zEU;  -~  <A<-~;  0<a<p;  pen  , (2.1) 
i f  and only if 
1 - ~z 
f (z) * # 0 (z E U*) 
zp (1 - z) 2 
where 
1 + ~ + p (1 + e -2i~) - 2ae -ia 
:= p (1 + e -2ix) - 2ae -~ and 1~[ = 1. 
PROOF. It is easily seen that condition (2.1) holds true if and only if 
(2.2) 
(2.3) 
e i~ [zf' ( z ) / f  (z)] + a + ips in  A # 1 - 
l+t¢  pcosA - a 
(z C U*; I~1 = 1; . # -1 ) ,  (2.4) 
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which, upon simplification, yields 
(1 + ~) zf' (z) -t- (pr~ -t- 2ae -iA - pe -2iA) f (z) # 0 
Next, for f • )--~.p given by (1.1), we have 
1 
f (Z )*zp( l _z )2  z f ' ( z )+(p+l ) f ( z )  
and 
(z • U*; Ix[ = 1). (2.5) 
(z • U*) (2.6) 
1 
f (z)* zp(1 - z) = f (z) (z • U*). (2.7) 
Finally, in view of convolutions (2.6) and (2.7), (2.5) can be rewritten in its equivalent form 
So 
z , (1 -  z) a zP-(1--z)] zP( 
(z • U*; [h I = 1), 
that is, 
f (z) * 2ae-C~ - p (1 + e -2c~) + [1 q- a + p (1 -t- e -2'x) - 2ae -i~] z ~ 0 
zP (1 - z) 2 
(, • u*; I~l = 1), 
which leads us at once to the convolution condition (2.2). This evidently completes the proof of 
Theorem 1. 
By setting ), = 0 in Theorem 1, we immediately deduce the following characterization of the 
class s; (~). 
COROLLARY 1. Let f • Y~p. Then 
f • 3p (0~) ¢=~ f (Z) * 
where 
1 - Oz  
z" 2) #0 (z•U*) ,  (2.8) 
Z p (1 
1 -t- ~-t- 2 (p -  a) 
0 := 2 (p - c~) and l~l = 1. (2.9) 
3. CONVOLUTION CONDIT ION FOR THE CLASS /Cp(a) 
In this section, we first prove another general result contained in the following. 
THEOREM 2. Let f E )"~p. Then 
{ ( ( ) 9l e i~ 1+ if(z) J < -a  zeU;  -~<A<~;  0<a<p;  pen  , (3.1) 
if and only if 
p-  [2 +p+ (p -  1)~]z + (p+ 1)f~z 2
f (z) * zp (1 - z )  3 ¢ 0 (Z • U*), (3.2) 
where f~ and ~ are given (as also in Theorem 1) by (2.3). 
PROOF. In view of the Alexander-type equivalence (1.4), we find from Theorem 1 that condi- 
tion (3.1) holds true if and only if 
1- ( 
z f ' (Z)*zp( l _z )2  =f(z)*Z~kzp( l_z)2  ) 50  ( z•U*) ,  
which readily yields the desired assertion (3.2) of Theorem 2. 
In its special case, then A = 0, we obtain the following characterization f the class K:p(a). 
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COROLLARY 2. Let  f E ~-:~p. Then  
/ e /c ,  (~) .=~ / (z) • 
p-  [2 +p+ (p -  1) O]z  + (p + 1) Oz 2 
zp (1  - z) 3 
0 (z E U*) ,  (3.3) 
where e and ~ are given (as also in Corollary 1) by (2.9). 
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